Constraint-Based Synthesis

With slides by Armando Solar-Lezama



Synthesis as Constraint Solving

Synthesis Condition:

d¢ Vin € E Q(in, ¢)

where E = {Xq, X,, ..., X }



Invention Pillar Question:
How does Sketch work?
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Semantics of expressions

e=n|x|e +e,| e, >e,
c:= x:=e|cy;¢, | ifethenc,elsec, | whilee doc

What does an expression mean?
* An expression reads the state and produces a value

* The state is modeled as a map o from vars to values
e Alle] : e = X = int

EX:
¢ Allx] = Ao.0(x)
e Aln] = Ao.n

* Alley + e;]] = Ao. Ale ]o + Aleyllo
« Alle; > e,]| = Ao.if Alle ]lo > Ale,]lo then 1 else 0




Semantics of commands

e=n|x|e +e,| e, >e,
c:= x:=e|cy;¢, | ifethenc,elsec, | whilee doc

What does a command mean?
A command modifies the state
e Cle] :c>X> X
EX:
e Clx :==e] = Ao.o[x - (Ale]o)]
e Cllcy; ¢yl = Ao.Clley 1(Clleq o)
 C[lif e then ¢, else ¢,] =
Ao.if Ale]lo = 1 then (Clc, Jo) else (Cllc, lo)




What about loops?

e=n|x|e +e,| e, >e,
c:= x:=e|cy;¢, | ifethenc,elsec, | whilee doc

Semantics of a while loop

e Let W = C[while e do c]
W satisfies the following equation:

W = Ao.if A[e] then (W(C[[c ]]0)) else o

Equation can have many solutions

* when loop doesn’t terminate
Rich theory for finding least fixed point solution
We'll settle for a simpler strategy:

unroll k times and then give up



Symbolic execution of sketches

Very similar to what we just saw
e But values are now parameterized b
g Ve /2@:@421

Alo]|T: Aexp — (X — V)

The denotation function will keep
track of contexts

Alz]"o = o(x)
A[???TU — )\@@(??? T)
Aler x ea]"o = p. Aler]|Too x Alea]| o0




Symbolic execution of commands

Commands have two roles
* Modify the symbolic state
* Generate constraints

Clle]* : Command — (Z X P(D) > X X SP(CID))

Constraints represent sets of valid
¢ functions




Symbolic execution of commands

Assignments and Assertion

Clx :=€]" (o, ®) = (o|x — Ale|" o], D)

Classert ¢|" (0, D) = (o, {opeP: Ale]70p =1})



Symbolic execution of commands

If statement

C[if e then cq else 3] (o, @) = (o', D)

Py ={ped: Ale|] o0 = true}

Py ={0oecd: Ale| 0¢p = false}
(01, P1) = Clea] (o, Dy)

(02, P2) = Cle2] (0. Pf)

¢ = (1) U (o)

o' = \v. . Ale]"op ? 01w o1



. 4[ In\i/tiiaaélsée’;bof }
Conditionals

if e

then C1 else C2



Conditionals

Subset such that
Ale] ¢ =0

Subset such that .
’ Ale] ¢ =1 if e '

then C1 else C2




Conditionals

if e

then C1 else C2

Subset that aIso
passes all the
assertions in C2




Conditionals

if e

then C1 else C2

A\ U /57
Result of
“ <[ conditional ]




Symbolic execution of commands

While loops
W (o, ®)) = Clwhile € do c]|" (o, ) = (¢’ , D)
Oy ={0cP: Ale| 00 = true}
Py ={pecd: Ale]"0p = false}
(01, P1) = W(Clc] {0, D))
' = (¢1) U (Py)
o' = . o. Ale]"o¢ ? o110 - oxd



Building Constraints



A sketch as a constraint system

int lin(int x){ x > O(??,) x+1 > (??,)
if(x > &(??y))

return ¢(2?,)*x + d(??3);

P(22,)*x + P(??;) D(?2,)*(x+1) + P(27?3)
else

return ¢(??,)*x;

}
P (22,)* (x+1)
void main(int x){
int t1l = lin(x);
int t2 = lin(x+1);

if(x<4) assert tl >= x*x; x<3

if(x>=3) assert t2-tl1l == 1;
}




Symbolic Execution

int popSketched (bit[W] x)
implements pop {
repeat(??) {

X=(XX&7??

+ ((x>>72) & 77);

}

return x;

-V VvV




Ex : Population count. 0010 0110 =2 3

X count

one Lofofof1]

int pop (bit[W] x)
{
= int count = 0; count
= for (inti=0;i<W,; i++) {
if (x[i]) count++;

> } count

return count;

}

count

08
AR

F(x)

count




Simplification



Structural Hashing




Structural Hashing + Rewriting




Structural Hashing + Rewriting

X+b<b >X<0




Structural Hashing + Rewriting

X+b<b -X<0 }.




Structural Hashing + Rewriting

X+b<b -X<0 }.




Structural Hashing + Rewriting

X+b<b >X<0




Structural Hashing + Rewriting

X+b<b >X<0

XANX-oX




Structural Hashing + Rewriting

X+b<b >X<0

XNANX-oX ‘}]




Structural Hashing + Rewriting

X+b<b >X<0

XANX-oX




Structural Hashing + Rewriting

X+b<bhb oX<0 :

XANX-oX




Structural Hashing + Rewriting

X+b<bhb oX<0 :

XANX-oX




Structural Hashing + Rewriting

X+b<b >X<0

XANX-oX




Structural Hashing + Rewriting

X+b<b >X<0

XANX-oX




Structural Hashing + Rewriting

X+b<b >X<0

XANX-oX




How to solve the constraints?



How to solve the constraints?

In general, a Quantified Boolean Formula (QBF) Satisfiability problem:
3¢ € {0,1} Vin € {0,1}" Q(in, ¢)

* 2-QBF is X,-complete
* Reduce to a sequence of SAT problems using the CEGIS loop (coming soon)

The SAT problem: How to check if a quantifier-free Boolean formula « is a tautology (or
—« is satisfiable) ?

e Naive algorithm: enumerate all possible models (exponentially many)
* The first known NP-complete problem (Cook 1971)
* At least as hard as all NP problems



CNF-5SAT Solving

Conjunctive Normal Form (CNF)
* N21(Vi=1lif)
* Eg, (01 VP2V —ps3) A(=py Vs VDs)
* Every V}f‘zl ; j is called a clause/conjunct

Theorem: there is no polynomial blow-up translation from wff to CNF/DNF.

Theorem: SAT can be reduced to CNF-SAT in polynomial time.
e |dea: introduce a fresh variable for each subformula

Cook-Levin Theorem (1971): CNF-SAT is NP-complete.
* Proof: coming soon



t1 = hy
t, = hy

ti AN hy, = =ty
t; A =h, - ity
ty A—h, o t,
ti Ahy >ty

Operation to CNF
e Sum (OR) of variables and their negation
* Equivalentto Ajex l; — [



Resolution Algorithm

Dvp  D'v-p
DvD'

Resolution:

Apply resolution:
* f DVpandD'V —p areclauses, add D V D’ as a new clause
* Repeat until no more resolution can be done
* Resolution is closed if the empty clause is contained
e Return Unsatisfiable iff. Closed



Example

PVOA(=pVT)A(=qVT)A(=T)

{{p' CI}; {_'p' T'}, {_'q) T'}, {_'T}}

{p q}
{-p,7}
{—q,7}
{—}
{-p}
{q}

{r}

8

(1)
(2)
(3)
(4)
(5) (resolvent of 2 and 4)
(6) (resolvent of 1 and 5)
(7) (resolvent of 3 and 6)
(8) (resolvent of 4 and 7)



DPLL Algorithm

Backtracking based search

* Assign a value to a variable to simplify the CNF
 Stop if all variables are assigned
* Backtrack if unsatisfiable

* Variables are chosen heuristically

Most efficient SAT solving algorithm since 1960s
* Implementations: zChaff, Minisat, etc.



Example

DPLL in a nutshell

Constraint database @

—0
X7
X7 V Xg V -Xg
o—o—o P
X6 -X3

Constraint is a CNF Clause

X{ VX3 VX3V XgV Xg V Xg

&—0—0@& 0090

X5 V Xg V X4

X7 V -Xg V Xq

e—90 90




What about Arithmetic?

1) Bit-blast
2) Unary encoding

3) SMT
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