
Inductive Learning



Is Sketch all we need?

• Pros
• Very generic

• Cons
• Very generic!

• E.g., not specialized for PBE/PBD

• The user may incrementally add more examples

Example 1

Example 2

Example 3

Search Space 

How to maintain 
this space?



PBE/PBD vs. inductive learning

1, 2, 4, 8, ??

1, 2, 4, 7, ??

PBE/PBD are examples of inductive learning

Most machine learning falls into this category as well



A little bit of history: who was the first?
Learning Structural Descriptions from 
Examples

Patrick Winston [1970]

Explored the question of generalizing from 
a set of observations

Similar to the Zendo game:

• Pygmalion [Smith 75]
• Real programming by demonstration
• http://acypher.com/wwid/Chapters/01Pygmalion.html

http://acypher.com/wwid/Chapters/01Pygmalion.html
http://acypher.com/wwid/Chapters/01Pygmalion.html


A little bit of history: inductive learning

• Ad-hoc approaches → General inductive learning techniques
• Version-space generalization

• Inductive logic programming

Tessa Lau



Version Space Generalization



Inductive Logic Programming



Version Space Generalization
Slides by Armando Solar-Lezama



Version Space Formulation

• Hypothesis space 𝐻
• Space of possible functions 𝐼𝑛 → 𝑂𝑢𝑡

• Version Space 𝑉𝑆𝐻,𝐷 ⊆ 𝐻
• 𝐻 is the original hypothesis space

• 𝐷 is a set of examples 𝑖𝑗 , 𝑜𝑗

• ℎ ∈ 𝑉𝑆𝐻,𝐷 ⇔ ∀ 𝑖, 𝑜 ∈ 𝐷 ℎ 𝑖 = o 

• Hypothesis space provides restriction bias
• Defines what functions one is allowed to consider

• Preference bias needs to be provided independently



Partial Ordering of Hypotheses

• Partial order ℎ1 ⊑ ℎ2

• ℎ2 is “better” than ℎ1

• Ex: For boolean hypothesis
• “better” == more general

• ℎ1 ⊑ ℎ2 ⇔ (ℎ1 ⇒ ℎ2)

• For booleans, VS forms a lattice
• ℎ1, ℎ2 ∈ 𝑉𝑆 ⇒ ℎ1 ⊓ ℎ2 = ℎ1 ∧ ℎ2 ∈ 𝑉𝑆

Most specific hypothesis that 
satisfies the observations



Partial Order

• Set 𝑃

• Partial order  such that 𝑥, 𝑦, 𝑧𝑃
• 𝑥 ≤  𝑥     (reflexive)

• 𝑥  𝑦 and 𝑦  𝑥 implies 𝑥 = 𝑦  (asymmetric)

• 𝑥  𝑦 and 𝑦  𝑧 implies 𝑥  𝑧  (transitive)

• Can use partial order to define
• Upper and lower bounds

• Least upper bound

• Greatest lower bound



Upper Bound

• If 𝑆 ⊆ 𝑃 then
• 𝑥 ∈ 𝑃 is an upper bound of 𝑆 if 𝑦 ∈ 𝑆. 𝑦  𝑥

• 𝑥 ∈ 𝑃 is the least upper bound of 𝑆 if
• 𝑥 is an upper bound of 𝑆, and 

• 𝑥  𝑦 for all upper bounds 𝑦 of 𝑆

• ⊔ - join, least upper bound, lub, supremum, sup
• ⊔ 𝑆 is the least upper bound of 𝑆

• 𝑥 ⊔ 𝑦 is the least upper bound of {𝑥, 𝑦}

• Often written as ⊔ as well



Lower Bound

• If 𝑆 ⊆ 𝑃 then
• 𝑥 ∈ 𝑃 is a lower bound of S if 𝑦 ∈ 𝑆. 𝑥  𝑦

• 𝑥 ∈ 𝑃 is the greatest lower bound of 𝑆 if
• 𝑥 is a lower bound of 𝑆, and 

• 𝑦  𝑥 for all lower bounds 𝑦 of 𝑆

• ⊓ - meet, greatest lower bound, glb, infimum, inf

• ⊓ 𝑆 is the greatest lower bound of 𝑆

• 𝑥 ⊓ 𝑦 is the greatest lower bound of {𝑥, 𝑦}

• Often written as ⊓ as well



Lattice

• If 𝑥 ⊓ 𝑦 and 𝑥 ⊔ 𝑦 exist for all 𝑥, 𝑦 ∈ 𝑃

• then 𝑃 is a lattice

• If ⊓ 𝑆 and ⊔ 𝑆 exist for all 𝑆 ⊆  𝑃

•  then 𝑃 is a complete lattice

• All finite lattices are complete

• Example of a lattice that is not complete
• Integers ℤ
• For any 𝑥, 𝑦 ∈ ℤ, 𝑥 ⊔ 𝑦 =  max(𝑥, 𝑦), 𝑥 ⊓ 𝑦 =  min(𝑥, 𝑦)
• But ⊔ ℤ and ⊓ ℤ do not exist
• ℤ ∪ {+∞, −∞} is a complete lattice



How to (succinctly) represent 
a version space?



Boundary set representable

• You can represent a VS by the pair (G,S) where 
• G is most general hypothesis (i.e. ⊤)

• S is the most specific (i.e. ⊥)

• Applies in general when hypothesis space is partially ordered 
and version space is a lattice



Update

• 𝑈 𝑉𝑆, 𝑑 = 𝑝 ∈ 𝑉𝑆 𝑝 𝑖 = 𝑜 where 𝑑 = (𝑖, 𝑜)}
• Subset of a version space satisfying a new example d

• Ex: For boolean HS
• 𝑉𝑆 = (𝐺, 𝑆)

• If 𝑑 = 𝑖, true
𝑈 𝑉𝑆, 𝑑 = 𝐺, 𝑆 ∨ 𝜆𝑥. if 𝑥 = 𝑖 then true else false

• If 𝑑 = 𝑖, false
𝑈 𝑉𝑆, 𝑑 = 𝐺 ∧ 𝜆𝑥. if 𝑥 = 𝑖 then false else true, 𝑆



Example: FindSuffix

• 𝐹𝑆𝑇: move to the position right before the next occurrence of 𝑇.

We shall go on to the end. We |shall fight in France, we |shall fight on 
the seas and oceans, we shall fight with growing confidence and 
growing strength in the air,…

𝐹𝑆"𝑠ℎ𝑎𝑙𝑙"

𝐹𝑆"𝑠ℎ𝑎𝑙𝑙 𝑓𝑖𝑔ℎ𝑡"

𝐹𝑆"𝑠ℎ𝑎𝑙𝑙 𝑓𝑖𝑔ℎ𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑠𝑒𝑎𝑠 𝑎𝑛𝑑 𝑜𝑐𝑒𝑎𝑛𝑠,𝑤𝑒 𝑠ℎ𝑎𝑙𝑙 𝑓𝑖𝑔ℎ𝑡…"

𝐹𝑆"𝑠"

𝐹𝑆"𝑠ℎ𝑎"

𝐹𝑆""

𝐹𝑆"𝑠ℎ𝑎𝑙𝑙 𝑓𝑖𝑔ℎ𝑡 𝑜𝑛"
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What if not boundary set representable? 

• If your hypothesis space is partially ordered and your VS are boundary set 
representable, you can represent and search very efficiently

• If they are not?

• Break them down into simpler hypothesis spaces! 



Union

• Union of BSR version spaces:

• 𝑉𝑆𝐻1𝐷 ∪ 𝑉𝑆𝐻2𝐷 = 𝑉𝑆𝐻1∪𝐻2𝐷



FindSuffix U FindPrefix

FS(“sh”-”shall fight ”)

FP(“we “ – “, we”) 

U

We shall go on to the end. We |shall fight in France, we |shall fight on 
the seas and oceans, we |shall fight with growing confidence and 
growing strength in the air,…



FindSuffix U FindPrefix

FS(“sh”-”shall fight ”)

∅

U

We shall go on to the end. We |shall fight in France, we |shall fight on 
the seas and oceans, we |shall fight with growing confidence and 
growing strength in the air,…



Join

• 𝑉𝑆𝐻1𝐷1
⋈ 𝑉𝑆𝐻2𝐷2

=
ℎ1, ℎ2  ℎ1 ∈ 𝑉𝑆𝐻1𝐷1

 , ℎ2 ∈ 𝑉𝑆𝐻2𝐷2
, 𝐶( ℎ1, ℎ2 , 𝐷)}

• Where 𝐷1 = 𝑑1
𝑖

𝑖=0..𝑛
 and 𝐷2 = 𝑑2

𝑖
𝑖=0..𝑛

 and 𝐷 = 𝑑1
𝑖 , 𝑑2

𝑖
𝑖=0..𝑛

• 𝐶 ℎ1, ℎ2 , 𝐷  means that ℎ1, ℎ2  is consistent with the input-output pairs in 𝐷

• What does ℎ1, ℎ2  mean? What about 𝑑1, 𝑑2 ?
• Pair

• Composition ℎ1, ℎ2 = ℎ1 ∘ ℎ2 and 𝑑1, 𝑑2 = (𝑑1. 𝑖𝑛 , 𝑑2. 𝑜𝑢𝑡)

• Independent join: 𝐶 is unnecessary
• It’s a property of . , .

• True for pair, not for composition



SMARTedit version space



Before FlashFill

• Detect failure and fail gracefully

• Make it easy to correct the system

• Encourage trust by presenting a 
model users can understand

• Enable partial automation



FlashFill
Slides by Gulwani, Singh, and Solar-Lezama



Core language

• Additional shorthand
𝑆𝑢𝑏𝑆𝑡𝑟2 𝑣𝑖, 𝑟, 𝑘 = 𝑆𝑢𝑏𝑠𝑆𝑡𝑟(𝑣𝑖, 𝑃𝑜𝑠(𝜖, 𝑟, 𝑘), 𝑃𝑜𝑠(𝑟, 𝜖, 𝑘))

• 𝑘th occurrence of regular expression 𝑟 in 𝑣𝑖



Two special cases:
• r1 = r2’ = 𝜖 : This describes the substring
• r2 = r1’ = 𝜖 : This describes boundaries around the substring

The general case allows for the combination of the two and is thus a very 
powerful operator!

Let w = SubString(s, p, p’)

where p = Pos(r1, r2, k) and p’ = Pos(r1’, r2’, k’)

Substring Operator

s

p p’

w

w1 w2 w1’ w2’ r1 matches w1

r2 matches w2

r1’ matches w1’
r2’ matches w2’



Additional Control Structure



Syntactic String Transformations: Example

𝑆𝑤𝑖𝑡𝑐ℎ((𝑏1, 𝑒1), (𝑏2, 𝑒2)), where

𝑏1 ≡ 𝑀𝑎𝑡𝑐ℎ 𝑣1, 𝑁𝑢𝑚𝑇𝑜𝑘, 3 ,  𝑏2 
≡ ¬𝑀𝑎𝑡𝑐ℎ 𝑣1, 𝑁𝑢𝑚𝑇𝑜𝑘, 3 ,

𝑒1 ≡ 𝐶𝑜𝑛𝑐𝑎𝑡𝑒𝑛𝑎𝑡𝑒

𝑆𝑢𝑏𝑆𝑡𝑟2 𝑣1, 𝑁𝑢𝑚𝑇𝑜𝑘, 1 ,
𝐶𝑜𝑛𝑠𝑡𝑆𝑡𝑟 “ − ” ,

𝑆𝑢𝑏𝑆𝑡𝑟2 𝑣1, 𝑁𝑢𝑚𝑇𝑜𝑘, 2 ,
𝐶𝑜𝑛𝑠𝑡𝑆𝑡𝑟 “ − ” ,

𝑆𝑢𝑏𝑆𝑡𝑟2 𝑣1, 𝑁𝑢𝑚𝑇𝑜𝑘, 3

 𝑒2 ≡ 𝐶𝑜𝑛𝑐𝑎𝑡𝑒𝑛𝑎𝑡𝑒

ConstStr(“425−”),
𝐶𝑜𝑛𝑠𝑡𝑆𝑡𝑟 “ − ” ,

𝑆𝑢𝑏𝑆𝑡𝑟2 𝑣1, 𝑁𝑢𝑚𝑇𝑜𝑘, 1 ,
𝐶𝑜𝑛𝑠𝑡𝑆𝑡𝑟 “ − ” ,

𝑆𝑢𝑏𝑆𝑡𝑟2 𝑣1, 𝑁𝑢𝑚𝑇𝑜𝑘, 2

Input v1 Output

(425)-706-7709 425-706-7709

510.220.5586 510-220-5586

235 7654 425-235-7654

745-8139 425-745-8139



How does it work

• Reuse ideas from version space algebra
• Start with simple version spaces

• Define combinators to construct complex version spaces from simple 
ones

• New twist:
• Move beyond simple lattice representations
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Guarded Expressions

• 𝐷 is a set of examples 𝑖𝑗 , 𝑜𝑗     𝐻 corresponds to trace expressions

• Compute 𝑆𝑗 = 𝑉𝑆 𝑖𝑗𝑜𝑗 𝐻  and 𝑆 = 𝑉𝑆𝐷𝐻 =⊓ 𝑆𝑗

• Solution = 𝑆 ∪ 𝑆𝑤𝑖𝑡𝑐ℎ 𝑝𝑖 , 𝑉𝑆𝐷𝑖𝐻

• Either you can find a solution to D in H, or you can split D and find solutions 
for subsets 𝐷𝑖 ⊂ 𝐷

• Partition into subsets 𝐷𝑖  must satisfy the following properties:
• 𝑉𝑆𝐷𝑖𝐻 ≠ ∅

• Partition is minimial
• You can learn predicates 𝑝𝑖  to create the partitions



Learning Trace Expressions

Full Name Title Name

Rob Miller Dr. Rob

Saman Amarasinghe

Sumit Gulwani

Armando Solar-Lezama

Martin Rinard



Learning Trace Expressions

• Top level is always concatenation



Rob Miller → Dr. Rob

Concat Expression (Associative)



Dr. Rob

Concat Expression (Associative)

0     1    2    3   4     5   6     7

0 1 2 4 73 5 6
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Dr. Rob

Concat Expression (Associative)

0     1    2    3   4     5   6     7

0 1 2 4 73 5 6
𝛾1

𝛾50

𝛾2 𝛾3 𝛾4 𝛾5 𝛾6 𝛾7

𝛾8 𝛾9

𝛾10
𝛾11



DAG-based Sharing

0 1 2 4 73 5 6
𝛾1

𝛾50

𝛾2 𝛾3 𝛾4 𝛾5 𝛾6 𝛾7

𝛾8 𝛾9

𝛾10
𝛾11

𝛾1. 𝛾2. 𝛾3. 𝛾4. 𝛾5. 𝛾6. 𝛾7

𝛾8. 𝛾2. 𝛾3. 𝛾4. 𝛾5. 𝛾6. 𝛾7

𝛾8. 𝛾2. 𝛾3. 𝛾4. 𝛾50

Any Path is a valid program

Exponential Number of paths



Learning atomic expressions

• Can only be constants, substring or loop expressions

• Constants are trivial to learn

• Substring can be factored!



$145.67 → 145.67

Substring Expression

Substr(left, right)

1 7
dollar, 𝜖, 1
dollar, 𝜖, -1

𝜖 , decimal, -1
𝜖 , number, 1

…….
constant 1

𝜖 , End of line, 1
alphanumeric, 𝜖, −1
alphanumeric, 𝜖, 2

decimal, 𝜖, −1
…….

constant 7

1 7

{ { }}



Intersection

Armando Solar  A. Solar

X. Qiu

Xiaokang Qiu



Intersection

Armando Solar  A. Solar

X. Qiu

Xiaokang Qiu

“X. Qiu”

“A. Solar”

“A. Solar” ∩ “X. Qiu” = ∅



Intersection

Armando Solar  A. Solar

X. Qiu

Xiaokang Qiu

SubStr(Pos(“”, Word), Pos(Char,””)) ∪ “X”

SubStr(Pos(“”, Word), Pos(Char,””)) ∪ “A”

SubStr(Pos(“”, Word), Pos(Char,””))



Intersection

Armando Solar  A. Solar

X. Qiu

X. Qiu

“.”

“.”

“.”



Ranking

• Prefer shorter programs.
• Fewer number of conditionals.
• Shorter string expression, regular expressions.

• Prefer programs with fewer constants.

Strategies

• Baseline: Pick any minimal sized program using minimal number of 
constants.

• Manual: Break conflicts using a weighted score of program features.

• Machine Learning: Weights are learned from training data.



Automata-theoretic inductive learning
Slides by Paul Krogmeier



Version spaces beyond lattices?

• Automata are a natural choice
• A classical formalism for languages (sets of strings/trees)

• A lot of nice properties
• Unique minimized representation

• Closed under union, intersection, and complementation



Logic learning



Examples: first-order logic (FO) 



Examples: first-order logic (FO) 

𝑢 𝑢 𝑢 𝑢



Examples: first-order logic (FO) 



Examples: first-order logic (FO) 



Examples: FO with Recursive Definitions



Examples: Term Synthesis



Examples: Term Synthesis



Separation Problem



Query Problem



Term Synthesis Problem



Main Results



Evaluating Syntax Trees



Evaluating Syntax Trees



Evaluating Syntax Trees



Evaluating Syntax Trees



Evaluating Syntax Trees



Tree Automata as Version Space Algebra



Evaluating Trees on Fixed Structures



Alternating Tree Automata



Evaluating Formulas



Evaluating Terms



Evaluating Recursive Definitions



Evaluating Recursive Definitions

a b c

let reach(x, y)

d

∀x

∃y

∧

∨

E(x, y) ∃z

∧

reach(x, y) reach(y, y) E(x, z) reach(z, y)
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Mutual Recursion



Beyond logic learning?
Slides by Paul Krogmeier
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Invariant inference

Program synthesis
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Algorithmic meta-theorem for 
symbolic learning problems

Interpreters Algorithms for learning
Meta-theorem



Learning regular expressions

Find a regular expression that matches words on the left and none on the right.

Concept: valid email addresses.



Can we find terminating algorithms?

• Infinite number of semantically different expressions 

● Naive enumeration won’t work

• Don’t overfit!        

● Good:                           Bad:              

● Grammar is crucial



Meta-theorem

Write a suitable 
interpreter for L

Language L Learning decision procedure

iff

iff



FACET: a programming language for 
interpreters

Programs in FACET traverse
syntax trees using pointers.



Meta-theorem

Write a FACET 
interpreter for L

Language L Learning decision procedure

Crucial: interpreter memory is independent of expression size.



Proof: translate interpreters to tree 
automata

Translate interpreters 
to tree automata

FACET interpreter Tree automaton emptiness

Interpreter(example 1) Interpreter(example k) Grammar G

q(a)

q’ q’
’

q’’
’ q(a)

q’ q’
’

q’’
’ q(a)

q’ q’
’

…✕ ✕ ✕

…



Example: learning regular expressions

Write a program                     that computes whether       matches    .

               

What memory to use?

Remember which subword to check. Indicate with           .

iff



Regular expression interpreter

iff                                           



Regular expression interpreter

iff                                           



Regular expression interpreter

iff                                           



Bird’s eye view

• Decidability results obtained by writing interpreters.

• Algorithms based on tree automaton emptiness.

• For which languages have we proved decidable learning?

Meta-theorem
Decision procedure for 
regular expression learning



Learning context-free grammars

Memory: subwords + counter + parsing information



Learning functional programs

Decidable learning in an extension of the DSL for FlashFill (Gulwani 11)

Memory: subwords + bounded counters + finite maps

“International Business Machines”        “IBM”



Results

⭑ Linear temporal logic on infinite periodic words
⭑ Modal logic on Kripke structures
⭑ Computation tree logic on Kripke structures
⭑ First-order queries over rational numbers with order
⭑ Regular expressions on finite words
⭑ Context-free grammars on finite words
⭑ Functional programs on strings (extension of FlashFill’s DSL)

Explains recent results on learning in finite-variable logics (POPL 22) 
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